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A COMPACTIFICATION OF THE SPACE OF PARAMETRIZED
RATIONAL CURVES IN GRASSMANNIANS
YIJUN SHAO
Abstract. We construct an explicit compactification for the space of parametrized rational
curves in a Grassmanian by a nonsingular projective variety such that the boundary is a divisor
with simple normal crossings. This compactification is obtained by blowing up a Quot scheme
successively along appropriate subschemes.
1. Introduction
Let V be a vector space of dimension n over an algebraically closed field k and denote by
Gr(k, V ) the Grassmannian of k-dimensional subspaces of V . By a parametrized rational curve
in Gr(k, V ) we mean a morphism from P1 to Gr(k, V ). The space Mord(P
1,Gr(k, V )) of all
morphisms of degree d from P1 to Gr(k, V ) is a smooth quasi-projective variety for each d ≥ 0,
and is non-compact for d ≥ 1. In this paper, we provide an explicit compactification for this
space which satisfies the following conditions: the compactification is a nonsingular projective
variety and the boundary is a divisor with simple normal crossings. This extends the result in
[HLS], where maps to a projective space are considered.
The main tools of the construction include (i) a Quot scheme which serves as a smooth
compactification of Mord(P
1,Gr(k, V )), and (ii) a sequence of blowups which turns the boundary
into a divisor with simple normal crossings. The method of construction is as follows. A
smooth compactification of Mord(P
1,Gr(k, V )) is given by the Quot scheme Quotn−k,d
V
P1
/P1/k
, which
parametrizes all quotient sheaves of the trivial vector bundle VP1 on P
1 of rank n−k and degree
d. For short notations, we introduce Qd := Quot
n−k,d
V
P1
/P1/k
and Q˚d := Mord(P
1,Gr(k, V )). We
define a chain of closed subschemes in the boundary Qd \ Q˚d:
Zd,0 ⊂ Zd,1 ⊂ · · · ⊂ Zd,d−1 = Qd \ Q˚d.
Set-theoretically, Zd,r is the locus of the quotients whose torsion part has degree (or length)
at least d − r; its scheme structure is given as a determinantal subscheme. We then blow up
the Quot scheme successively along these closed subschemes Zd,r. Starting with Q
−1
d := Qd,
Z−1d,r := Zd,r, we let Q
r
d (r = 0, . . . , d−1) be the blowup of Q
r−1
d along Z
r−1
d,r , Z
r
d,r the exceptional
divisor, and Zrd,l the proper transform of Z
r−1
d,l in Q
r
d for l 6= r. Set Q˜d := Q
d−1
d and Z˜d,r := Z
d−1
d,r .
Our goal is to prove
Theorem 1.1. The final outcome Q˜d is a compactification of Q˚d = Mord(P
1,Gr(k, V )) satisfy-
ing the following properties:
(1) Q˜d is an irreducible nonsingular projective variety;
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(2) Z˜d,r’s are irreducible nonsingular subvarieties of codimension one and they intersect
transversally, so that the boundary Q˜d \ Q˚d =
⋃d−1
r=0 Z˜d,r is a divisor with simple normal
crossings.
This way of producing such type of compactifications was used in many classical exam-
ples such as the construction of the space of complete quadrics [Vai82], the space of complete
collineations [Vai84], Fulton-MacPherson compactification [FM94], MacPherson-Procesi com-
pactification [MP98], etc. Our construction is much closer to that of the spaces of complete
objects (quadrics, etc.), and in fact, we used in our proof a result from Vainsencher’s construc-
tion of complete collineations. Because of the strong similarity between our compactification
and those spaces of complete objects, we believe that our compactification is also a parameter
space of similar kind, although the interpretation of the objects that this space parametrizes
can be quite subtle. This is a direction being pursued for a future publication [HS].
Although the method of the construction is straightforward to describe, the proof is more
involved. We outline some key steps of the proof here. In §3, we endow the sets Zd,r with
the structure of determinantal subschemes. This is done with the help of the universal exact
sequence of Qd: 0 → Ed → VP1Qd
→ Fd → 0, where Ed is locally free. For each integer m, there
is an induced homomorphism ρd,m : π∗V
∨
P1Qd
(m) → π∗E
∨
d (m). Then Zd,r is defined to be the
zero locus of the exterior power
∧k(m+1)+r+1 ρd,m for any m ≫ 0. Let Z˚d,r := Zd,r \ Zd,r−1
be the open subscheme of Zd,r. We can show that the locally closed subschemes Zd,0, Z˚d,1,
· · · , Z˚d,d−1, Q˚d form a flattening stratificaiton of Qd by the sheaf F
ε
d := Ext
1(Fd,OP1Qd
). In
§4, we show that there is a natural morphism from an irreducible nonsingular variety Qd,r to
Qd whose (set-theoretic) image is Zd,r for each r. Here Qd,r is a relative Quot scheme over Qr
parametrizing torsion quotients of Er that are flat over Qr with degree d − r. This morphism
maps the open subset Qd,r ×Qr Q˚r of Qd,r isomorphically onto Z˚d,r, based on the fact that F
ε
d
is flat over Z˚d,r. In §5 we first describe the procedure of blowups, and then prove some main
theorems. We first show that the blowup along Zr−1d,r (the proper transform of Zd,r in Q
r−1
d )
is the same as the blowup along the total transform of Zd,r in Q
r−1
d . This allows us to embed
the blowup Qrd into a product of some spaces of complete collineations and then set up a key
commutative diagram (see Diagram (5.1)). Using this diagram, we can show that the proper
transform Zr−1d,r is isomorphic to Qd,r ×Qr Q
r−1
r . It is now clear that we should use induction to
prove that Zr−1d,r and Q
r
d are nonsingular. The proof for the transversality of the intersections of
Zd−1d,r ’s in Q
d−1
d is also based on the isomorphism between Z
r−1
d,r and Qd,r ×Qr Q
r−1
r .
Acknowledgements. The author is very grateful to his Ph.D advisor Yi Hu for guidance
and support. He is also thankful to Ana-Maria Castravet, Kirti Joshi, Douglas Ulmer and
Dragos Oprea for encouragement and helpful discussions.
2. Preliminaries
In this section, we will first give a brief review of Quot schemes, and then we fix some
notations and review some basic facts.
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Let H be a sheaf over a scheme X. A quotient of H is a sheaf F on X together with
a surjective homomorphism H ։ F . Two quotients H ։ F1 and H ։ F2 are said to be
equivalent if there is an isomorphism F1 ≃ F2 such that the following diagram commutes.
H // // F1
≃

H // // F2
Equivalently, the two quotients are equivalent if and only if their kernels are equal as subsheaves
of H. We denote by [H ։ F ] the equivalence class of a quotient H ։ F .
Let S be a noetherian scheme, X a projective S-scheme, and H a coherent sheaf on X.
For any S-scheme T , we denote by HT the pullback of H by the projection X ×S T → X.
Given a very ample line bundle L on X relative to S and a polynomial P (t) ∈ Q[t], we define
a contravariant functor, denoted by QuotP,LH/X/S and called the Quot functor, from the category
of S-schemes to the category of sets as follows: for any S-scheme T , let QuotP,LH/X/S(T ) be the
set of equivalence classes of quotients HT ։ F where F is flat over T with Hilbert polynomial
P (relative to L).
This functor is represented by a projective S-scheme [Gro62], called the (relative) Quot
scheme, which we denote by QuotP,LH/X/S . It is equipped with a universal quotient
H
QuotP,L
H/X/S
// // F ,
onX×SQuot
P,L
H/X/S , where F is flat over Quot
P,L
H/X/S with P as its Hilbert polynomial. Sometimes
it will bring us convenience to add to the universal quotient its kernel to form the universal exact
sequence:
0→ E → H
QuotP,L
H/X/S
→ F → 0.
Theorem 2.1 (Universal Property of Quot schemes). For any S-scheme Y , any quotient HY ։
Q on X ×S Y with Q flat over Y with Hilbert polynomial P determines a unique S-morphism
f : Y → QuotP,LH/X/S such that the pullback of the universal quotient by the induced morphism
f¯ : X ×S Y → X ×S Quot
P,L
H/X/S is equivalent to the given quotient on X ×S Y :
HY // // Q
≃

HY f¯
∗H
QuotP,L
H/X/S
// // f¯∗F
A consequence of the uniqueness of the morphism is: if f1, f2 : Y → Quot
P,L
H/X/S are two
S-morphisms such that the pullbacks of the universal quotient are equivalent:
HY f¯
∗
1HQuotP,L
H/X/S
// // f¯∗1F
≃

HY f¯
∗
2HQuotP,L
H/X/S
// // f¯∗2F
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then f1 = f2. Note that it is not sufficient to claim f1 = f2 if we only know an isomorphism
f¯∗1F ≃ f¯
∗
2F . The commutativity of the above diagram is crucial.
In the special case that X = S and P (t) is a constant integer r, the Quot scheme becomes
a (relative) Grassmannian, which we denote by GrS(H, r). If in addition H is locally free, we
also denote this Grassmannian by GrS(m,H) where m = rankH − r.
Most references (for example, [HL97, Nit05, Ser06]) prove the representability of the Quot
functor by constructing the Quot scheme as a closed subscheme of a Grassmannian. Therefore
a natural consequence of this construction is the embedding of the Quot scheme into a Grass-
mannian, but this fact is rarely isolated as a theorem. For convenience of reference, we state
this fact below.
Theorem 2.2 (Embedding of Quot into Grassmannian). Suppose H is flat over S with Hilbert
polynomial R(t) ∈ Q[t] and put Q := QuotP,LH/X/S. Let π : X → S and σ : Q→ S be the structure
morphisms, and πQ : X×SQ→ Q the projection. There is an integer N such that for all m ≥ N
(1) πQ∗(HQ(m)) = σ
∗π∗(H(m)),
(2) πQ∗(HQ(m)) and πQ∗(F(m)) are locally free of rank R(m) and P (m) respectively, and
the induced homomorphism πQ∗(HQ(m))→ πQ∗(F(m)) is surjective, and
(3) the morphism Q → GrS(π∗(H(m)), P (m)) = GrS(R(m) − P (m), π∗(H(m))) induced by
the surjective homomorphism σ∗π∗(H(m))→ πQ∗(F(m)) is a closed embedding.
The Quot scheme has a base-change property: for any S-scheme T , QuotP,LH/X/S ×ST =
QuotP,LTHT /X×ST/T . When S = Specκ, κ a field, the Quot scheme Quot
P,L
H/X/κ is a fine moduli
space whose κ-valued points parametrize equivalence classes of quotients H ։ F with F having
Hilbert polynomial P . In the case that S is a general scheme, by the base-change property,
QuotP,LH/X/S can be viewed as a family of Quot schemes parametrized by S: for any point s ∈ S,
the fiber of QuotP,LH/X/S over s is Quot
P,Ls
Hs/Xs/κ(s)
, where κ(s) is the residue field of s. This is why
QuotP,LH/X/S is also called a relative Quot scheme.
We now fix some notations. Let k be a fixed algebraically closed field and P1 the projective
line over k. For any k-scheme X, we write P1X := P
1 ×k X and denote the projection P
1
X → X
by πX , or simply π. For any point x ∈ X, we denote by P
1
x the fiber π
−1
X (x) = P
1 ×k κ(x) over
x. For any coherent sheaf F over P1X , we write F (m) := F ⊗ p
∗OP1(m), where p denotes the
projection P1X → P
1.
For any morphism f : Y → X of k-schemes, we denote by f¯ : P1X → P
1
Y the induced
morphism: f¯(t, y) = (t, f(y)). It is the same as the projection P1Y = P
1
X ×X Y → P
1
X . If Z ⊂ X
is a subscheme and F a coherent sheaf on P1X , we denote by FZ the restriction of F on P
1
Z . In
particular, if x ∈ X is a point, then Fx is the restriction of F on P
1
x.
In this paper, we will only encounter Quot schemes of the form Quot
P,O
P1
S
(1)
H/P1S/S
, where S is
either Speck or a variety over k. For any coherent sheaf F on P1, its Hilbert polynomial has
the form P (t) = r(t+ 1) + d, where r = rankF and d = degF . So we fix the notation:
Quotr,d
H/P1S/S
:= Quot
r(t+1)+d,O
P1
S
(1)
H/P1S/S
.
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Next we prove some basic properties of the functor Ext1X(−,OX). For any scheme X and any
sheaf F over X, we put
F∨ := HomX(F,OX ), F
ε := Ext1X(F,OX ).
Proposition 2.3. Let 0→ E1 → E0 → F → 0 be a short exact sequence of coherent sheaves on
a scheme X with E0 and E1 locally free. For any scheme Y and any morphism f : Y → X, we
have a canonical identification
f∗(F ε) = (f∗F )ε
Proof. Since E0 and E1 are both locally free, we have canonical identifications
f∗(E∨i ) = (f
∗Ei)
∨, i = 0, 1.
Thus we obtain a commutative diagram
(f∗E0)
∨ // (f∗E1)
∨ // (f∗F )ε // 0
f∗(E∨0 )
// f∗(E∨1 )
// f∗(F ε) // 0
where the first row is obtained by applying f∗ to the exact sequence first and taking dual second,
and the second row is obtained by taking dual of the original exact sequence first and applying
f∗ second. So we have another canonical identification f∗(F ε) = (f∗F )ε because they are both
quotients of f∗E∨0 by the image of f
∗E∨1 . 
Remark. For any locally free sheaf E, since we have a canonical identification f∗(E∨) = (f∗E)∨,
we will write f∗E∨ for both. In the same manner, for any coherent sheaf F , when we have a
canonical identification f∗(F ε) = (f∗F )ε, we will write f∗F ε for both.
Proposition 2.4. Suppose X is a noetherian k-scheme, and T is a torsion coherent sheaf on
P1X , flat over X with relative degree d. Then
(1) T ε is also torsion and flat over X with relative degree d;
(2) we have a canonical isomorphism T εε = T .
Proof. Write T as a quotient of a locally free sheaf E0 and let E1 be the kernel:
(2.1) 0→ E1 → E0 → T → 0.
Then E1 is also locally free. Since rank T = 0, we have rankE0 = rank E1. Suppose Ei is of
relative degree di over X, i = 0, 1. Then d = d0 − d1.
(1) Dualizing the exact sequence (2.1), we obtain another exact sequence
(2.2) 0→ E∨0 → E
∨
1 → T
ε → 0
To show that T ε is flat over X, we only need to show, by Lemma 2.1.4 in [HL97], that for every
point x ∈ X, the map (E0)
∨
x → (E1)
∨
x obtained by restricting the injective map E
∨
0 → E
∨
1 to the
fiber P1x is injective. We first restrict the exact sequence (2.1) to the fiber P
1
x. Since T is flat,
we obtain an exact sequence
0→ (E1)x → (E0)x → Tx → 0
6 YIJUN SHAO
Taking dual:
0 = (Tx)
∨ → (E0)
∨
x → (E1)
∨
x → T
ε
x → 0
since Tx is torsion. So (E0)
∨
x → (E1)
∨
x is injective for all x ∈ X. Hence T
ε is flat over X. Since
E∨i are both locally free of the same rank and has relative degree −di, i = 0, 1, T
ε is torsion on
P1X with relative degree (−d1)− (−d0) = d over X.
(2) We have a commutative diagram
0 // E1 // E0 // T // 0
0 // E∨∨1
// E∨∨0
// T εε // 0
where the second row is an exact sequence obtained by dualizing the exact sequence (2.2). Thus
we see that there is a canonical isomorphism T εε = T . 
Lastly, we review a slightly extended result of Mumford on flattening stratifications, as stated
in the following proposition. Parts (1)-(3) are due to Mumford, and part (4) is added for the
purpose of this paper.
Proposition 2.5. Let X be a noetherian scheme, F a coherent sheaf on X, and R = {dimκ(x) F |x
|x ∈ X}. For each r ∈ R, define Cr := {x ∈ X | dimκ(x) F |x = r}. Then
(1) R is a finite set. The sets Cr are disjoint and their union is |X|.
(2) For each x ∈ Cr, there is an affine open set Ux ∋ x together with an exact sequence of
sheaves on Ux
OsUx
ψ
→ OrUx
ϕ
→ F |Ux → 0
such that the ideal Jr,Ux generated by all entries of ψ defines a subscheme Yr,Ux of Ux
whose support is exactly Cr ∩Ux. The subschemes Yr,Ux for all x ∈ Cr patch together to
form a subscheme of X, whose support is exactly Cr. Denote this subscheme by Xr.
(3) The subschemes Xr satisfy the following universal property: for any morphism f : Y →
X of noetherian schemes, the pullback f∗F is locally free over Y of rank r if and only
if f factors through the inclusion Xr →֒ X. In particular, F |Xr is locally free of rank r
for each r ∈ R.
(4) Assume in addition that E1
ρ
→ E0 → F → 0 is a locally free presentation of F with
rankE0 = l. For j ≥ 1, let Ij be the sheaf image of the homomorphism Hom(
∧j E1,∧j E0)∨ → OX induced by ∧j ρ : ∧j E1 → ∧j E0, and let Zj be the closed subscheme
defined by the sheaf of ideals Ij. Then Zj ⊂ Zj+1 and Zj+1 \ Zj = Xl−j as schemes for
j ≥ 1.
Proof. (1), (2) and (3) are proved in [Mum66], Lecture 8, pg 55, Case 1◦. We now prove (4).
Suppose F has a locally free presentation E1
ρ
→ E0 → F → 0 on X. Then we have |Zj| = {x ∈
X | dimκ(x) F |x ≥ l− j+1}, which obviously satisfy |Zj | ⊂ |Zj+1| and |Zj+1| \ |Zj| = |Xl−j |. At
any point x ∈ Xl−j , there exists an affine open neighborhood Vx of x, possibly smaller than Ux,
such that
E1|Vx
ρ
→ E0|Vx → F |Vx → 0
A COMPACTIFICATION OF THE SPACE OF PARAMETRIZED RATIONAL CURVES 7
is a free presentation of F on Vx. Thus the ideal Ij+1(Vx), which is generated by all (j+1)×(j+1)
minors of ρ, is the same as the ideal Jx on Vx, by the Fitting ideal lemma. So (Zj+1 \Zj)∩Vx =
Xl−j ∩ Vx as schemes for all x ∈ Xl−j . Therefore Zj+1 \ Zj = Xl−j as schemes. 
Before we proceed to the next section, let us mention a few more conventions. Let E and
F be two locally free sheaves on X. We say E is a subbundle of F , if there is an injective
homomorphism E → F of sheaves and the quotient F/E is locally free. In this case, we say the
homomorphism E → F is a subbundle map.
For any locally free sheaf E on a scheme X, the projective bundle on X associated to E is
P(E) := Proj Sym(E∨).
It is equipped with the universal quotient line bundle f∗E∨ ։ OP(E)(1), where f : P(E) → X
is the structure morphism. Its dual is the universal subline bundle OP(E)(−1) → f
∗E. For any
coherent sheaf F on P(E), we write F (m) := F ⊗OP(E)(m).
3. The Quot-scheme compactification and its boundary
From now on, we work over an algebraically closed field k. Let V be a vector space of
dimension n over k, and k < n a fixed positive integer. The Grassmannian Gr := Gr(k, V ) of
k-dimensional subspaces of V comes equipped with a universal quotient VGr ։W of locally free
sheaves on Gr. The degree of a morphism f : P1 → Gr is equal to deg f∗W , which coincides with
the usual degree of the map P1 → P(
∧k V ) obtained by composing f with the Plu¨cker embedding
Gr →֒ P(
∧k V ). For d ≥ 0, let Mord(P1,Gr) denote the set of all degree d morphisms from P1
to Gr. The set Mord(P
1,Gr) has a natural structure of a (quasi-projective) variety, which can
be realized as an open subscheme of the Hilbert scheme of P1Gr corresponding to graphs.
There is a one-to-one correspondence between the set Mord(P
1,Gr) and the set of all equiv-
alence classes of quotients VP1 ։ F where F is locally free, which is set up by associating each
degree d morphism to the pullback of the universal quotient on Gr. This identifies the space
Mord(P
1,Gr) with the open locus of locally free quotients in the Quot scheme Quotn−k,d
V
P1
/P1/k
.
This Quot scheme is an irreducible nonsingular projective variety of dimension nd + k(n − k)
[Str87], hence it provides a smooth compactification of Mord(P
1,Gr). For short notations, we
put
Qd := Quot
n−k,d
V
P1
/P1/k
, Q˚d := Mord(P
1,Gr) ⊂ Qd
The Quot scheme Qd is equipped with a universal short exact sequence on P
1
Qd
:
(3.1) 0→ Ed → VP1Qd
→ Fd → 0
where Fd is flat over Qd of rank n− k and relative degree d, and Ed is locally free of rank k and
relative degree −d.
For any point q ∈ Qd, the pullback of the universal exact sequence to P
1
q is also an exact
sequence:
0→ Ed,q → VP1q → Fd,q → 0
8 YIJUN SHAO
The boundary Qd \ Q˚d consists of the points q with Fd,q having torsion. For any coherent sheaf
F , we denote by Ftor the torsion submodule of F . We define a chain of closed subsets
Cd,0 ⊂ Cd,1 ⊂ · · · ⊂ Cd,d−1 = Qd \ Q˚d
by setting Cd,r = {q ∈ Qd | deg(Fd,q)tor ≥ d− r}.
The degree of the torsion part (Fd,q)tor of Fd,q can be determined by the rank of certain
linear maps. Fix a point q ∈ Qd and set E := Ed,q, F := Fd,q, T := (Fd,q)tor, and V := VP1q . For
r ≥ 0, let
ρq,r : Hom(V,O(r))→ Hom(E,O(r))
be the map obtained by applying Hom(−,O(r)) to E → V . Here O(r) := OP1q (r). Then we
have
Proposition 3.1.
rank ρq,r
{
= k(r + 1) + d− deg T, if r ≥ d− degT − 1,
≥ (k + 1)(r + 1), if 0 ≤ r ≤ d− deg T − 1.
Proof. We have an isomorphism F ≃ T ⊕ F1, where F1 = F/T is a locally free sheaf of rank
n − k and degree d − degT . Applying Hom(−,O(r)) to the exact sequence, one gets an exact
sequence
0→ Hom(F,O(r))→ Hom(V,O(r))
ρq,r
→ Hom(E,O(r))
Thus
rank ρq,r = dimHom(V,O(r))− dimHom(F,O(r))
= dimH0(V ∨(r))− dimHom(F1,O(r))
= n(r + 1)− dimH0(F∨1 (r))
We have an isomorphism F1 ≃
⊕n−k
i=1 O(di), where di ≥ 0 and
∑n−k
i=1 di = d− deg T . Hence
H0(F∨1 (r)) ≃ H
0(
n−k⊕
i=1
O(r − di)) =
n−k⊕
i=1
H0(O(r − di))
and
dimH0(F∨1 (r)) =
n−k∑
i=1
max{r − di + 1, 0}.
If r ≥ d− deg T − 1, then r − di + 1 ≥ 0 for all i, hence
dimH0(F∨1 (r)) =
n−k∑
i=1
(r − di + 1) = (n− k)(r + 1) +
n−k∑
i=1
di = (n − k)(r + 1)− (d− degT )
Therefore
rankρq,r = n(r + 1)− (n − k)(r + 1) + d− deg T = k(r + 1) + d− degT.
If 0 ≤ r ≤ d− deg T − 1, then we have two cases:
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(i) r − di + 1 ≥ 0 for all i. Then
dimH0(F∨1 (r)) =
n−k∑
i=1
(r − di + 1) = (n− k)(r + 1)− (d− deg T )
≤ (n− k)(r + 1)− (r + 1) = (n− k − 1)(r + 1)
(ii) r − di + 1 < 0 for some i. Without loss of generality, we assume r − d1 + 1 < 0. Then
dimH0(F∨1 (r)) =
n−k∑
i=2
max{r − di + 1, 0} ≤
n−k∑
i=2
(r + 1) = (n− k − 1)(r + 1).
In either case, we have dimH0(F∨1 (r)) ≤ (n− k − 1)(r + 1), so
rank ρq,r ≥ n(r + 1)− (n− k − 1)(r + 1) = (k + 1)(r + 1).

Note that the two “if” conditions in the proposition are not mutually exclusive, and this will
lead to some interesting results.
Corollary 3.2. If rank ρq,i ≤ k(i+ 1) + i for some i ≥ 0, then deg T ≥ d− i and
rankρq,l − rank ρq,i = k(l − i), for all l ≥ i− 1.
Proof. Suppose rankρq,i ≤ k(i+ 1) + i < (k + 1)(i + 1) for some i ≥ 0. By Proposition 3.1, we
must have i ≥ d − degT , hence deg T ≥ d − i. We now have i − 1 ≥ d − deg T − 1. Thus for
l ≥ i− 1, we obtain, by Proposition 3.1 again, that
rank ρq,l − rankρq,i = (k(l + 1) + d− deg T )− (k(i + 1) + d− deg T ) = k(l − i).

Proposition 3.3. (1) If deg T = d− r (resp. ≥ d− r), then rankρq,m = k(m+1)+ r (resp.
≤ k(m+ 1) + r) for all m ≥ r.
(2) If rank ρq,m = k(m+ 1) + r (resp. ≤ k(m+ 1) + r) for some m ≥ r, then degT = d− r
(resp. ≥ d− r).
Proof. (1) Suppose deg T = d− r (resp. ≥ d− r). Then r = d− deg T (resp. ≥ d− degT ), and
by Proposition 3.1, we have rankρq,r = k(r+1)+d−deg T = k(r+1)+ r (resp. ≤ k(r+1)+ r).
Then by Corollary 3.2, for any m ≥ r, rank ρq,m = rankρq,r + k(m − r) = k(m + 1) + r (resp.
≤ k(m+ 1) + r).
(2) Suppose rankρq,m = k(m + 1) + r (resp. ≤ k(m + 1) + r) for some m ≥ r. Then
rank ρq,m ≤ k(m+ 1) +m. Let m
′ = m− 1. By Corollary 3.2, rankρq,m′ − rankρq,m = −k. So
rank ρq,m′ = rankρq,m−k = k(m+1)+r−k = k(m
′+1)+r (resp. ≤ k(m′+1)+r). Ifm′ ≥ r, then
we are back in the starting situation (m′ playing the role ofm), so we can repeat this process, and
eventually we must have rank ρq,r = k(r+1)+r (resp. ≤ k(r+1)+r). By Corollary 3.2, we have
deg T ≥ d− r, or r ≥ d− deg T . Then by Proposition 3.1, d− deg T = rankρq,m − k(r + 1) = r
(resp. ≤ r), and hence deg T = d− r (resp. ≥ d− r). 
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For each integerm, we set m̂ := k(m+1). Proposition 3.3 implies that form ≥ r, q ∈ Cd,r ⇐⇒
the induced homomorphism of the exterior powers
m̂+r+1∧
ρq,m :
m̂+r+1∧
Hom(V,O(r))→
m̂+r+1∧
Hom(E,O(r))
is a zero homomorphism. This suggests a way to endow each Cd,r with a structure of determi-
nantal subschemes. Denote by π : P1Qd → Qd the projection map. Let
ρd,m : π∗V
∨
P1Qd
(m)→ π∗E
∨
d (m)
be theOQd-homomorphism obtained by applyingHom(−,OP1Qd
(m)) to the monomorphism Ed →
VP1Qd
from the universal exact sequence first and π∗ second.
For each l ≥ 1, the exterior power of ρd,m
l∧
ρd,m :
l∧
π∗V
∨
P1Qd
(m)→
l∧
π∗E
∨
d (m)
is a section of Hom
(∧l π∗V ∨P1Qd (m),∧l π∗E∨d (m)). By Proposition 3.3, for m ≥ d, ∧m̂+r+1 ρd,m
is nowhere vanishing on Qd for r ≤ −1, but vanishes precisely on Cd,r for r ≥ 0.
The section
∧m̂+r+1 ρd,m induces a homomorphism
Hom
( m̂+r+1∧
π∗V
∨
P1Qd
(m),
m̂+r+1∧
π∗E
∨
d (m)
)∨
→ OQd .
The image, which we denote by Id,r,m, is an ideal sheaf. For m ≥ d, each Id,r,m defines a sub-
scheme of Qd whose support is Cd,r. A natural question is: is the scheme structure independent
of m? We will show that the answer is yes if m≫ 0.
Dualizing the universal exact sequence (3.1), one obtains a long exact sequence
(3.2) 0→ F∨d → V
∨
P1Qd
→ E∨d → F
ε
d → 0
We need to study the sheaf Fεd . By Proposition 2.3, for any morphism f : X → P
1
Qd
, we can
write f∗Fεd for both f
∗(Fεd) and (f
∗Fd)
ε. In particular, for any subscheme Z ⊂ Qd, we write
(Fd)
ε
Z for (F
ε
d)Z and ((Fd)Z)
ε. Some facts are quick: (Fd)
ε
Q˚d
= ((Fd)Q˚d)
ε = 0 since (Fd)Q˚d is
locally free, and for any point q ∈ Qd, F
ε
d,q ≃ ((Fd,q)tor)
ε since Fd,q splits as a direct sum of
its torsion part and locally free part. Then by Proposition 2.4, we see that Fεd,q is torsion and
degFεd,q = deg(Fd,q)tor. Thus F
ε
d is a torsion sheaf and SuppF
ε
d ⊂ P
1
Qd
\ P1
Q˚d
.
Lemma 3.4. For any closed point q ∈ Qd, there is an open neighborhood U of q such that
Fεd |P1U
≃ Fεd(m)|P1U
for all m ≥ 0.
Proof. Let q ∈ Qd be a closed point and iq : P
1 → P1Qd the inclusion map defined by iq(t) = (t, q).
So the image of iq is exactly P
1
q. Since the sheaf F
ε
d,q is torsion on P
1
q, the support of F
ε
d,q consists
of only finitely many points of P1q. Therefore, SuppF
ε
d is a proper closed subset of P
1
Qd
. Choose
a point t ∈ P1 so that iq(t) ∈ P
1
q \ SuppF
ε
d,q and let U = Qd \ π(p
−1(t) ∩ SuppFεd), where
p : P1Qd → P
1 is the projection. Obviously, q ∈ U . Now choose an exact sequence on P1:
0→ OP1 → OP1(m)→ T → 0
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such that SuppT = {t}. Pulling the sequence back to P1U (which preserves exactness) and
tensoring with Fεd |P1U
, we get a long exact sequence
Tor1(F
ε
d |P1U
, p∗T |P1U
)→ Fεd |P1U
→ Fεd(m)|P1U
→ Fεd |P1U
⊗ p∗T |P1U
→ 0
Note that SuppFεd and Suppp
∗T do not intersect on P1U , hence Tor1(F
ε
d |P1U
, p∗T |P1U
) = 0 and
Fεd |P1U
⊗ p∗T |P1U
= 0, which gives rise to an isomorphism Fεd ≃ F
ε
d (m) on P
1
U . Obviously, this
open set U works for all m ≥ 0. 
Proposition 3.5. (1) For any closed point q ∈ Qd, there is an open neighborhood U of q
such that π∗F
ε
d(m)|U ≃ π∗F
ε
d(l)|U , for all m, l ≥ 0.
(2) There is an integer md ≥ d (independent of r) such that Id,r,m = Id,r,md as subsheaves
of OQd for all m ≥ md and for any 0 ≤ r ≤ d− 1.
Proof. (1) By the above lemma, we deduce that there exists U such that Fεd(m)|P1U
≃ Fεd(l)|P1U
for arbitrary m, l. Then
πU∗(F
ε
d (m)|P1U
) ≃ πU∗(F
ε
d (l)|P1U
)
The statement follows from the facts that
π∗F
ε
d(m)|U = πU∗(F
ε
d (m)|P1U
) and π∗F
ε
d(l)|U = πU∗(F
ε
d (l)|P1U
).
(2) We break up the exact sequence (3.2) into two short exact sequences:
0→ F∨d → V
∨
P1Qd
→ H→ 0, 0→H → E∨d → F
ε
d → 0
Twisting the two sequences with OP1Qd
(m) (which preserves exactness) and applying π∗, we get
another two exact sequences
0→ π∗F
∨
d (m)→ π∗V
∨
P1Qd
(m)→ π∗H(m)→ R
1π∗F
∨
d (m)
0→ π∗H(m)→ π∗E
∨
d (m)→ π∗F
ε
d(m)→ R
1π∗H(m)
There is an integer md ≥ d such that R
1π∗F
∨
d (m) = 0 = R
1π∗H(m) for all m ≥ md. Hence for
m ≥ md, the above two sequences join together into one long exact sequence:
(3.3) 0→ π∗F
∨
d (m)→ π∗V
∨
P1Qd
(m)
ρ
d,m
→ π∗E
∨
d (m)→ π∗F
ε
d(m)→ 0
We see that π∗V
∨
P1Qd
(m) = V ∨Qd ⊗ H
0(P1,O(m)) is a free OQd-module, and π∗E
∨
d (m) is locally
free (of rank (m̂+ d)).
Now fix an m > md. We can choose an affine open cover Ui of Qd such that π∗F
ε
d(m)|Ui ≃
π∗F
ε
d(md)|Ui on each Ui. We may also assume that π∗E
∨
d (m) and π∗E
∨
d (md) are both free on
each Ui. We have exact sequences
π∗V
∨
P1Qd
(l)|Ui
ρ
d,l
|Ui
→ π∗E
∨
d (l)|Ui → π∗F
ε
d(l)|Ui → 0, l = m,md.
So the ideals Id,r,l(Ui) ⊂ OQd(Ui) are exactly the (d − r − 1)th Fitting ideal of π∗F
ε
d(l)|Ui for
l = m,md. Since π∗F
ε
d(m)|Ui ≃ π∗F
ε
d(md)|Ui , we have Id,r,m(Ui) = Id,r,md(Ui) for each Ui. It
then follows that Id,r,m = Id,r,md . 
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For 0 ≤ r ≤ d − 1, we denote by Zd,r for the closed subscheme of Qd defined by the ideal
Id,r,md , and write IZd,r := Id,r,md . Obviously, the support of Zd,r is the closed set Cd,r defined
earlier. The Zd,r’s form a chain of closed subschemes:
Zd,0 ⊂ Zd,1 ⊂ · · · ⊂ Zd,d−1 = Qd \ Q˚d
For convenience of notations, we set
Zd,−1 := ∅, Zd,d := Qd, and Z˚d,r := Zd,r \ Zd,r−1, for 0 ≤ r ≤ d.
Thus we have Z˚d,0 = Zd,0 and Z˚d,d = Q˚d. Note that each Z˚d,r is an open subscheme of Zd,r.
Theorem 3.6. (1) For 0 ≤ r ≤ d, Zd,r is the schematic zero locus of
∧m̂+r+1 ρd,m, and
|Z˚d,r| = {q ∈ Qd | degF
ε
d,q = d − r}. In particular, Z˚d,r’s are pairwise disjoint, and
|Qd| =
⊔d
r=0 |Z˚d,r|.
(2) For 0 ≤ r ≤ d, the inclusion i : Z˚d,r →֒ Qd has the following universal property: if Y
is a noetherian scheme and f : Y → Qd is a morphism, then f¯
∗Fεd is flat over Y with
relative degree d − r if and only if f factors through i. In particular, the sheaf (Fd)
ε
Z˚d,r
on P1
Z˚d,r
is flat over Z˚d,r with relative degree d− r.
Proof. (1) follows easily from the fact that deg(Fεd)q = deg(Fd,q)tor. We now prove (2). For any
m ≥ md, we have an exact sequence:
π∗V
∨
P1Qd
(m)
ρ
d,m
→ π∗E
∨
d (m)→ π∗F
ε
d(m)→ 0
There is an integer N1 such that, for all m ≥ N1,
f∗π∗F
ε
d(m) = πY ∗f¯
∗Fεd(m)
Suppose f factor through i. By Proposition 2.5 (3) and (4), and by the definition of Zd,r,
f∗π∗F
ε
d(m) is locally free for allm ≥ md. So πY ∗f¯
∗Fεd(m) is locally free for allm ≥ max{md, N1}.
It follows that f¯∗Fεd is flat over Y . In particular, taking Y = Z˚d,r and f to be the identity map,
we see that (Fd)
ε
Z˚d,r
is flat over Z˚d,r.
Now suppose f¯∗Fεd is flat over Y . Then there is an integer N2 such that πY ∗f¯
∗Fεd(m) is
locally free for all m ≥ N2. Thus f
∗π∗F
ε
d(m) is locally free for all m ≥ max{N1, N2,md}. By
Proposition 2.5 again, f factors through i. 
Remark. The above theorem says that the locally closed subschemes Zd,0, Z˚d,1, . . . , Z˚d,d−1 and
Q˚d form the flattening stratification of Qd by the sheaf F
ε
d .
4. More about the boundary
For d ≥ r ≥ 0, we consider the relative Quot scheme over Qr:
Qd,r := Quot
0,d−r
Er/P1Qr/Qr
We denote by θ : Qd,r → Qr the structure morphism. It is equipped with a universal exact
sequence on P1Qd,r :
(4.1) 0→ Ed,r → θ¯
∗Er → Td,r → 0
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where Td,r is flat over Qd,r with relative degree d− r and rank 0 (i.e., Td,r is torsion), and Ed,r is
taken as a subsheaf of θ¯∗Er: Ed,r ⊂ θ¯
∗Er. It is easy to see that Ed,r is locally free of rank k and
of relative degree −d.
We now give a set-theoretic description of the points in Qd,r. Let q = [VP1 ։ F ] be a
closed point of Qr and let E = ker(VP1 ։ F ). Obviously, E is locally free of rank k and
degree −r. The fiber θ−1(q) is the Quot scheme Quot0,d−rE/V
P1
/k. So any closed point in the fiber
θ−1(q) is represented by a quotient E ։ T where T is torsion with degree d − r. The kernel
E′ := ker(E ։ T ) is locally free of rank k and degree −d.
Lemma 4.1. With E′ and T defined as above, we have dimHom(E′, T ) = k(d − r) and
Ext1(E′, T ) = 0.
Proof. We have E′ ≃
⊕k
i=1O(di). Then
Hom(E′, T ) ≃
k⊕
i=1
Hom(O(di), T ) ≃
k⊕
i=1
Hom(O, T ) = H0(T )⊕k
Ext1(E′, T ) ≃
k⊕
i=1
Ext1(O(di), T ) ≃
k⊕
i=1
Ext1(O, T ) = H1(T )⊕k
So dimHom(E′, T ) = k dimH0(T ) = k(d − r). That Ext1(E′, T ) = 0 follows from H1(T ) =
0. 
By the deformation theory on Quot schemes (see [Ser06], Proposition 4.4.4), the above lemma
implies that
Proposition 4.2. The structure morphism θ : Qd,r → Qr is smooth of relative dimension
k(d− r).
Proposition 4.3. Qd,r is an irreducible nonsingular projective variety of dimension dimQr +
k(d− r) = nr + k(n− k + d− r).
Proof. The nonsingularity, projectivity and dimension counting of Qd,r follow easily from the
two facts: (i) Qr is a smooth and projective variety of dimension nr+k(n−k); (ii) Qd,r is smooth
and projective over Qr of relative dimension k(d− r). It only remains to show the irreducibility.
Since Qr is irreducible, by [Sha94], Ch. 1, Sec. 6, Theorem 8, Qd,r is irreducible if we can show
that all the fibers of θ over the closed points of Qr are irreducible. The proof of this part is
inspired by the proof of Theorem 2.1 in [Str87].
Let [VP1 ։ F ] be a closed point of Qr. The fiber of θ over this point is a Quot scheme
Quot0,d−r
E/P1/k
where E = ker(VP1 ։ F ). Let N be a vector space of dimension d − r, and let W
be the vector space
W = Hom(NP1(−1), NP1)×Hom(E,NP1)
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Then dimW = 2(d − r)2 + k(d − r). Let X¯ = Spec(
⊕
i≥0 Sym
iW∨) be the associated affine
space. There are tautological morphisms µ and ν which fit into the diagram on P1
X¯
:
NP1
X¯
(−1) ν // NP1
X¯
// // Coker(ν)
EX¯
µ
OO
Let X ⊂ X¯ be the open subvariety defined by the conditions: (i) ν is injective on each fiber
over X, and (ii) the induced map EX → Coker(ν) is surjective. The sheaf Coker(ν) is flat over
X with rank 0 and relative degree d− r. Thus the surjection EX ։ Coker(ν) gives a morphism
g : X → Quot0,d−r
E/P1/k
.
Next we show that g is surjective. Let [E ։ T ] be a closed point of Quot0,d−r
E/P1/k
, and
H := H0(P1, T ). By Proposition 1.1 in [Str87], we have a natural exact sequence
0→ HP1(−1)→ HP1 → T → 0
Applying Hom(E,−) to it, we obtain an exact sequence
· · · → Hom(E,HP1)→ Hom(E,T )→ Ext
1(E,HP1(−1))→ · · ·
We have
Ext1(E,HP1(−1)) = H
1(HP1(−1)⊗ E
∨) = H1(E∨(−1)) ⊗HP1 = 0
because H1(E∨(−1)) = 0. So the map Hom(E,HP1)→ Hom(E,T ) is surjective, and hence the
quotient map E ։ T factors through HP1 → T as
HP1(−1) // HP1 // T
E
OO == =={{{{{
This diagram gives a point of X, whose image under g is the point [E ։ T ]. Therefore g is
surjective and hence Quot0,d−r
E/P1/k
is irreducible since X is irreducible. 
On P1Qd,r , we have two short exact sequence
0→ Ed,r → θ¯
∗Er → Td,r → 0, 0→ θ¯
∗Er → VP1Qd,r
→ θ¯∗Fr → 0
The second is the pullback of the universal exact sequence of Qr by θ¯. Let Fd,r be the quotient
of VP1Qd,r
by Ed,r (based on the inclusions Ed,r ⊂ θ¯
∗Er ⊂ θ¯
∗VP1Qr
= VP1Qd,r
). Then we can form a
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commutative diagram as follows:
(4.2) 0

0

0 // Ed,r // θ¯∗Er //

Td,r //

0
0 // Ed,r // VP1Qd,r
//

Fd,r //

0
θ¯∗Fr

θ¯∗Fr

0 0
where the dotted arrows are induced maps on quotients. All rows and the middle column are
exact, hence the last column is forced to be exact as well. Since Td,r and θ¯
∗Fr are both flat over
Qd,r, so is Fd,r. Moreover, Fd,r has rank n − k and relative degree d. Thus by the universal
property of Qd, the exact sequence from the middle row determines a morphism
φ : Qd,r → Qd
such that the following diagram commutes
(4.3) 0 // Ed,r // VP1Qd,r
// Fd,r //
≃

0
0 // φ¯∗Ed // φ¯
∗VP1Qd
// φ¯∗Fd // 0
Proposition 4.4. For 0 ≤ l ≤ d, IZr,l ·OQd,r = IZd,l ·OQd,r , where as convention we set IZr,l := 0
for l ≥ r.
Proof. Fix an integer m≫ 0. By the definition of IZd,l , we have
Hom
( m̂+l+1∧
π∗V
∨
P1Qd
(m),
m̂+l+1∧
π∗E
∨
d (m)
)∨
։ IZd,l ⊂ OQd
for all m≫ 0. Apply φ∗ to obtain
φ∗Hom
( m̂+l+1∧
π∗V
∨
P1Qd
(m),
m̂+l+1∧
π∗E
∨
d (m)
)∨
։ φ∗IZd,l → OQd,r
Thus, IZd,l ·OQd,r , the image of φ
∗IZd,l → OQd,r , is also the image of the induced homomorphism
φ∗Hom
( m̂+l+1∧
π∗V
∨
P1Qd
(m),
m̂+l+1∧
π∗E
∨
d (m)
)∨
→ OQd,r
By the same argument, IZr,l · OQd,r is the image of
θ∗Hom
( m̂+l+1∧
π∗V
∨
P1Qr
(m),
m̂+l+1∧
π∗E
∨
r (m)
)∨
→ OQd,r
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Note that since m≫ 0, we have
φ∗Hom(
m̂+l+1∧
π∗V
∨
P1Qd
(m),
m̂+l+1∧
π∗E
∨
d (m))
∨ = Hom
( m̂+l+1∧
φ∗π∗V
∨
P1Qd
(m),
m̂+l+1∧
φ∗π∗E
∨
d (m)
)∨
=
Hom
( m̂+l+1∧
π∗φ¯
∗V ∨
P1Qd
(m),
m̂+l+1∧
π∗φ¯
∗E∨d (m)
)∨
= Hom
( m̂+l+1∧
π∗V
∨
P1Qd,r
(m),
m̂+l+1∧
π∗E
∨
d,r(m)
)∨
and
θ∗Hom
( m̂+l+1∧
π∗V
∨
P1Qr
(m),
m̂+l+1∧
π∗E
∨
r (m)
)∨
= Hom
( m̂+l+1∧
θ∗π∗V
∨
P1Qr
(m),
m̂+l+1∧
θ∗π∗E
∨
r (m)
)∨
=
Hom
( m̂+l+1∧
π∗θ¯
∗V ∨
P1Qr
(m),
m̂+l+1∧
π∗θ¯
∗E∨r (m)
)∨
= Hom
( m̂+l+1∧
π∗V
∨
P1Qd,r
(m),
m̂+l+1∧
π∗θ¯
∗E∨r (m)
)∨
Dualizing the universal exact sequence (4.1) and twisting m times, we obtain a short exact
sequence
0→ θ¯∗E∨r (m)→ E
∨
d,r(m)→ T
ε
d,r(m)→ 0
Then applying π∗ we obtain
0→ π∗θ¯
∗E∨r (m)→ π∗E
∨
d,r(m)→ π∗T
ε
d,r(m)→ 0
which is exact for m ≫ 0. Moreover, by Proposition 2.4, T εd,r is flat over Qd,r. So π∗T
ε
d,r(m) is
locally free and so is π∗E
∨
d,r(m) for m≫ 0. So we have a subbundle homomorphism
m̂+l+1∧
π∗θ¯
∗E∨r (m)→
m̂+l+1∧
π∗E
∨
d,r(m)
and hence an induced subbundle homomorpism
Hom
( m̂+l+1∧
π∗V
∨
P1Qd,r
(m),
m̂+l+1∧
π∗θ¯
∗E∨r (m)
)
→Hom
( m̂+l+1∧
π∗V
∨
P1Qd,r
(m),
m̂+l+1∧
π∗E
∨
d,r(m)
)
Taking dual, we obtain a quotient bundle map
Hom
( m̂+l+1∧
π∗V
∨
P1Qd,r
(m),
m̂+l+1∧
π∗E
∨
d,r(m)
)∨
։ Hom
( m̂+l+1∧
π∗V
∨
P1Qd,r
(m),
m̂+l+1∧
π∗θ¯
∗E∨r (m)
)∨
which yields a commutative diagram as follows.
φ∗Hom
( m̂+l+1∧
π∗V
∨
P1Qd
(m),
m̂+l+1∧
π∗E
∨
d (m)
)∨
//

OQd,r
θ∗Hom
( m̂+l+1∧
π∗V
∨
P1Qr
(m),
m̂+l+1∧
π∗E
∨
r (m)
)∨
// OQd,r
Thus, IZd,l · OQd,r , the image of φ
∗Hom
(∧m̂+l+1 π∗V ∨P1Qd (m),∧m̂+l+1 π∗E∨d (m))∨ in OQd,r , is
equal to IZr,l ·OQd,r , the image of θ
∗Hom
(∧m̂+l+1 π∗V ∨P1Qr (m),∧m̂+l+1 π∗ E∨r (m))∨ in OQd,r . 
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Corollary 4.5. For 0 ≤ l ≤ r, the restriction of φ to the subscheme Qd,r ×Qr Zr,l = θ
−1(Zr,l)
of Qd,r factors through the inclusion Zd,l →֒ Qd. In particular, φ factors through the inclusion
Zd,r →֒ Qd.
We denote by ϕ : Qd,r → Zd,r the morphism factored out from φ : Qd,r → Qd.
Proposition 4.6. The morphism ϕ is surjective.
Proof. Let q ∈ Zd,r. Then deg(Fd,q)tor ≥ d−r. Let T ⊂ Fd,q be a torsion subsheaf of degree d−r,
let F = Fd,q/T , and let E = ker(VP1q → Fd,q → F ). Then we form the following commutative
diagram with exact rows and exact columns
0

0

0 // Ed,q // E //

T //

0
0 // Ed,q // VP1q //

Fd,q //

0
F

F

0 0
The middle column represents a point x ∈ Qr since degF = r, and the first row corresponds
a point y ∈ Qd,r, which is on the fiber θ
−1(x) over x. One checks that ϕ(y) = q. Thus ϕ is
surjective. 
We put Q˚d,r := Qd,r ×Qr Q˚r = θ
−1(Q˚r) ⊂ Qd,r, and write φ0 : Q˚d,r → Qd for the restriction
of φ to Q˚d,r.
Proposition 4.7. The map φ0 factors through the inclusion Z˚d,r →֒ Qd.
Proof. By the universal property of Z˚d,r (Theorem 3.6), we only need to show that φ¯
∗
0F
ε
d is flat
over Q˚d,r with relative degree d− r. Since we have
φ¯∗0F
ε
d = (φ¯
∗Fd)
ε
Q˚d,r
≃ (Fd,r)
ε
Q˚d,r
we only need to show that (Fd,r)
ε
Q˚d,r
is flat over Q˚d,r with relative degree d− r.
Note that we have a short exact sequence from the last column of the diagram (4.2):
0→ Td,r → Fd,r → θ¯
∗Fr → 0
Restricting it to P1
Q˚d,r
yields an exact sequence
0→ (Td,r)Q˚d,r → (Fd,r)Q˚d,r → θ¯
∗(Fr)Q˚r → 0
Then dualizing the sequence, we obtain a an exact sequence
· · · → θ¯∗(Fr)
ε
Q˚r
→ (Fd,r)
ε
Q˚d,r
→ (Td,r)
ε
Q˚d,r
→ 0
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Since (Fr)Q˚r is locally free, we have (Fr)
ε
Q˚r
= 0, and hence
(4.4) (Fd,r)
ε
Q˚d,r
≃ (Td,r)
ε
Q˚d,r
.
By Proposition 2.4, (Td,r)
ε
Q˚d,r
is flat over Q˚d,r with relative degree d−r. It follows that (Fd,r)
ε
Q˚d,r
is flat over Q˚d,r with relative degree d− r. 
We denote by ϕ˚ : Q˚d,r → Z˚d,r the map factored out from φ0 : Q˚d,r → Qd. The composition
of ϕ˚ with the inclusion Z˚d,r →֒ Zd,r is the restriction of the morphism ϕ to Q˚d,r.
Proposition 4.8. The morphism ϕ˚ : Q˚d,r → Z˚d,r is an isomorphism.
Proof. We construct a morphism ψ : Z˚d,r → Q˚d,r, and show that ϕ˚ψ = idZ˚d,r and ψϕ˚ = idQ˚d,r .
Let i : Z˚d,r →֒ Qd be the inclusion. Pullback the universal exact sequence (3.1) to P
1
Z˚d,r
:
0→ i¯∗Ed → VP1
Z˚d,r
→ i¯∗Fd → 0
Taking dual, one obtains a long exact sequence
0→ (¯i∗Fd)
∨ → V ∨
P1
Z˚d,r
→ i¯∗E∨d → i¯
∗Fεd → 0
Let G = ker(¯i∗E∨d → i¯
∗Fεd). Then we can break up the above sequence into two short exact
sequences:
(4.5) 0→ (¯i∗Fd)
∨ → V ∨
P1
Z˚d,r
→ G → 0, 0→ G → i¯∗E∨d → i¯
∗Fεd → 0
By Theorem 3.6, i¯∗Fεd is flat over Z˚d,r with relative degree d− r. It follows that G and (¯i
∗Fd)
∨
are both flat over Z˚d,r, and hence they are both locally free. Since i¯
∗Fεd has rank 0 and relative
degree d− r, we know that G has rank k and relative degree r, and that (¯i∗Fd)
∨ has rank n− k
and relative degree −r. Taking dual again to both sequences in (4.5), we obtain
(4.6) 0→ G∨ → VP1
Z˚d,r
→ (¯i∗Fd)
∨∨ → 0
(4.7) 0→ i¯∗Ed → G
∨ → (¯i∗Fεd)
ε → 0
We have (¯i∗Fd)
∨∨ is locally free of rank n− k and relative degree r. By the universal property
of Qr, the exact sequence (4.6) gives rise to a morphism
ψ0 : Z˚d,r → Qr.
such that the following diagram commutes:
(4.8) 0 // G∨ // VP1Z˚d,r
// (¯i∗Fd)
∨∨ //
≃

0
0 // ψ¯∗0Er
// ψ¯∗0VP1Qr
// ψ¯∗0Fr
// 0
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Here we view G∨ as a subsheaf of VP1
Z˚d,r
. We see that ψ¯∗0Fr is locally free, and hence by Theorem
3.6, ψ0 factors through the inclusion Q˚r →֒ Qr. We write
ψ1 : Z˚d,r → Q˚r
for the morphism factored out from ψ0.
Taking into account of the diagram (4.8), the exact sequence (4.7) becomes
(4.9) 0→ i¯∗Ed → ψ¯
∗
0Er → (¯i
∗Fεd )
ε → 0
By Proposition 2.4, (¯i∗Fεd)
ε is flat over Z˚d,r with rank 0 and relative degree d− r. Thus by the
universal property of Qd,r, the exact sequence (4.9) above induces a morphism of Qr-schemes
ψ2 : Z˚d,r → Qd,r
such that the following diagram commutes:
(4.10) 0 // i¯∗Ed // ψ¯
∗
0Er
// (¯i∗Fεd)
ε //
≃

0
0 // ψ¯∗2Ed,r
// ψ¯∗2 θ¯
∗Er // ψ¯
∗
2Td,r
// 0
The maps ψ1 and ψ2 fit into the following commutative diagram
Z˚d,r ψ2
%%
ψ1

ψ
!!
Q˚d,r

 
j
// Qd,r
θ

Q˚r
  // Qr
Thus we obtain another Qr-morphism
ψ := ψ2 × ψ1 : Z˚d,r → Qd,r ×Qr Q˚r = Q˚d,r
We now show that (i) ϕ˚ψ = idZ˚d,r and (ii) ψϕ˚ = idQ˚d,r .
(i) To show that ϕ˚ψ = idZ˚d,r , it suffices to show that iϕ˚ψ = i, or φ0ψ = i, or φjψ = i, or
φψ2 = i. Note that we have the following commutative diagram
0 // ψ¯∗2Ed,r
// ψ¯∗2VP1Qd,r
// ψ¯∗2Fd,r
≃

// 0
0 // i¯∗Ed //
VP1
Z˚d,r
// i¯∗Fd // 0
where the first row is obtained by applying ψ¯∗2 to the middle row of the diagram (4.2), and the
equality ψ¯∗2Ed,r = i¯
∗Ed is from the diagram (4.10). Thus we have a commutative diagram of
equivalent quotients:
φψ2
∗
VP1Qd

ψ¯∗2φ¯
∗VP1Qd

ψ¯∗2VP1Qd,r

VP1
Z˚d,r

i¯∗VP1Qd

φψ2
∗
Fd ψ¯
∗
2φ¯
∗Fd
≃
// ψ¯∗2Fd,r
≃
// i¯∗Fd i¯
∗Fd
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By the universal property of Qd, we must have φψ2 = i, and hence ϕ˚ψ = idZ˚d,r .
(ii) Let j : Q˚d,r → Qd,r denote the inclusion. To show that ψϕ˚ = idQ˚d,r , it suffices to show
that jψϕ˚ = j, or ψ2ϕ˚ = j.
We first show that ψ2ϕ˚ : Q˚d,r → Qd,r is a Qr-morphism, where Q˚d,r is viewed as a Qr-scheme
through θj : Q˚d,r → Qr. Equivalently, we show that θj = θψ2ϕ˚, or θj = ψ0ϕ˚. We have two
commutative diagrams of the same shape with exact rows and columns:
0

0

0 // j¯∗Ed,r // j¯∗θ¯∗Er //

j¯∗Td,r //

0
0 // j¯∗Ed,r //
VP1
Q˚d,r
//

j¯∗φ¯∗Fd //

0
j¯∗θ¯∗Fr

j¯∗θ¯∗Fr

0 0
0

0

0 // ¯˚ϕ∗ i¯∗Ed // ¯˚ϕ
∗ψ¯∗0Er
//

¯˚ϕ∗(¯i∗Fεd)
ε //

0
0 // ¯˚ϕ∗ i¯∗Ed //
VP1
Q˚d,r
//

¯˚ϕ∗ i¯∗Fd //

0
¯˚ϕ∗ψ¯∗0Fr

¯˚ϕ∗ψ¯∗0Fr

0 0
The left diagram is obtained from (4.2) by replacing Fd,r with φ¯
∗Fd using the isomorphism
Fd,r ≃ φ¯
∗Fd first and applying j¯
∗ second, while the right diagram is obtained by combining
the two exact sequences (4.6) and (4.7) first, replacing G∨ with ψ¯∗0Er and (¯i
∗Fd)
∨∨ with ψ¯∗0Fr
second, and applying ¯˚ϕ∗ third. Note that iϕ˚ = φ0 = φj. Hence the two middle rows are exactly
the same exact sequences because they are both the pullback of the universal exact sequence of
Qd by the same map φ0. Note also that j¯
∗Td,r and ¯˚ϕ
∗(¯i∗Fεd)
ε are both torsion submodules of
the same module j¯∗φ¯∗Fd = ¯˚ϕ
∗ i¯∗Fd since j¯
∗θ¯∗Fr and ¯˚ϕ
∗ψ¯∗0Fr are both locally free. Therefore,
j¯∗Td,r = ¯˚ϕ
∗(¯i∗Fεd)
ε as submodules, and hence we have a commutative diagram
VP1
Q˚d,r
// // j¯∗φ¯∗Fd // // j¯
∗θ¯∗Fr
≃

VP1
Q˚d,r
// // ¯˚ϕ∗ i¯∗Fd // // ¯˚ϕ
∗ψ¯∗0Fr
So θj = ψ0ϕ˚ by the universal property of Qr.
Next, we have a commutative diagram of equivalent quotients on P1Qd,r :
ψ2ϕ˚
∗
θ¯∗Er

¯˚ϕ∗ψ¯∗
2
θ¯∗Er

¯˚ϕ∗ψ¯∗
0
Er

j¯∗θ¯∗Er

ψ2ϕ˚
∗
Td,r ¯˚ϕ
∗ψ¯∗
2
Td,r
≃
// ¯˚ϕ∗ (¯i∗Fεd)
ε j¯∗Td,r
By the universal property of Qd,r, ψ2ϕ˚ = j as Qr-morphisms, hence ψϕ˚ = idQ˚d,r . 
This shows that ϕ : Qd,r → Zd,r is a birational morphism. It then follows that
Corollary 4.9. For each r, Zd,r is irreducible and of codimension (n − k)(d − r), and Z˚d,r is
nonsingular. In particular, Zd,0 is an irreducible nonsingular subvariety of Qd.
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5. Successive blowups and main theorems
We now perform a sequence of blowups on Qd. Set Q
−1
d := Qd, Z
−1
d,r := Zd,r. For r =
0, · · · , d− 1, let Qrd be the blowup of Q
r−1
d along Z
r−1
d,r (Q
r
d := BlZr−1d,r
Qr−1d ), Z
r
d,r the exceptional
divisor, and Zrd,l the proper transform of Z
r−1
d,l in Q
r
d for l 6= r. We write IZld,r
for the ideal sheaf
of Z ld,r in Q
l
d, for all r, l. Recall that IZd,r = Id,r,md .
This way of constructing of a compactification is similar to that in the construction of the
space of complete quadrics and the space of complete collineations by Vainsencher. In fact, our
proof will rely on a result from his construction of the space of complete collineations. To state
that result, we begin with a brief review of the space of collineations. Some original notations
are modified.
Let E and F be two locally free sheaves on a scheme X. The space of complete collineations
S(E,F ) from E to F is defined as the projective bundle
S(E,F ) := P(Hom(E,F ))
over X. It is equipped with a nowhere-vanishing universal homomorphism u : E → F ⊗
OS(E,F )(1). For r = 1, · · · , N := min{rankE, rankF} − 1, let Dr(E,F ) be the schematic zero
locus of
∧r+1 u : ∧r+1E → ∧r+1 F ⊗ OS(E,F )(r + 1). The ideal sheaf IDr(E,F ) of Dr(E,F ) is
the image of the homomorphism
Hom
( r+1∧
E,
r+1∧
F
)∨
⊗OS(E,F )(−r − 1)։ IDr(E,F ) ⊂ OS(E,F )
induced by
∧r+1 u. Let Sr(E,F ) := S(∧r+1E,∧r+1 F ). The section ∧r+1 u induces an X-
morphism: S(E,F ) \Dr(E,F )→ Sr(E,F ).
Starting with S0(E,F ) := S(E,F ), D0r(E,F ) := Dr(E,F ), let S
r(E,F ) be the blowup of
Sr−1(E,F ) along Dr−1r (E,F ), and denote by D
r
r(E,F ) the exceptional divisor, D
r
l (E,F ) the
proper transform of Dr−1l (E,F ) in S
r(E,F ) for l 6= r. The ideal sheaf of Drl (E,F ) in S
r(E,F )
is denoted by IDrl (E,F ).
The useful result is Theorem 2.4 (8) in [Vai84], which gives a relationship between the ideal
sheaf of the total transform and that of the proper transform of Dr−1l (E,F ) in the blowup
Sr(E,F )→ Sr−1(E,F ). We state the result below for the convenience of reference.
Theorem 5.1 (Vainsencher). For l > r ≥ 1, we have
IDr−1l (E,F )
· OSr(E,F ) = IDrl (E,F ) · (IDrr(E,F ))
l−r+1
We will use this result to show that there is a similar relationship between the ideal sheaf of
the total transform and that of the proper transform of Zr−1d,l in the blowup Q
r
d → Q
r−1
d .
Proposition 5.2. For l > r ≥ 0, IZr−1d,l
· OQrd = IZ
r
d,l
· (IZrd,r)
l−r+1
Proof. Fix an integer m ≥ md and consider the space of collineations S(π∗V
∨
P1Qd
(m), π∗E
∨
d (m)).
For simplicity of notations, we put S := S(π∗V
∨
P1Qd
(m), π∗E
∨
d (m)), Dr := Dr(π∗V
∨
P1Qd
(m), π∗E
∨
d (m)),
and Drl := D
r
l (π∗V
∨
P1Qd
(m), π∗E
∨
d (m)).
22 YIJUN SHAO
The nowhere vanishing section ρd,m of Hom(π∗V
∨
P1Qd
(m), π∗E
∨
d (m)) on Qd induces a closed
embedding (a morphism over Qd) [ρd,m] : Qd →֒ S such that ρd,m = [ρd,m]
∗u, where u is the
universal homomorphism on S:
u : π∗V
∨
P1Qd
(m)→ π∗E
∨
d (m)⊗OS(1).
Through this embedding, we will consider Qd as a closed subscheme of S. By definition, Zd,r is
the schematics zero locus of
∧m̂+r+1 ρd,m = [ρd,m]∗∧m̂+r+1 u. It follows that
Qd ∩Dm̂+r = Zd,r, r = 0, . . . , d− 1
and
Qd ∩Dl = ∅, l = 1, . . . , m̂− 1.
where the intersections are scheme-theoretic. The second equation means that the first m̂ − 1
blowups of S along Dl for l = 1, . . . , m̂ − 1 has no effect on Qd. Therefore, we also have an
embedding Qd →֒ S
m̂−1, together with Qd ∩D
m̂−1
m̂+r = Zd,r, for 0 ≤ r ≤ d − 1. In other words,
I
Dm̂−1
m̂+r
· OQd = IZd,r .
Starting from the m̂-th blowup, the blowups on S has an effect on Qd. We have the following
pullback diagram of blowups
Qrd
  //

Sm̂+r

Qr−1d
  // Sm̂+r−1
for all 0 ≤ r ≤ d− 1. Further we have Qrd ∩D
m̂+r
m̂+l = Z
r
d,l, for l ≥ r. Thus for l > r,
IZr−1d,i
· OQrd = IDm̂+r−1m̂+i
· OQr−1d
· OQrd = IDm̂+r−1m̂+i
· O
S
m̂+r
m̂+i
· OQrd
(∗)
= I
Dm̂+r
m̂+i
· (I
Dm̂+r
m̂+i
)i−r+1 · OQrd = IZ
r
d,i
· (IZrd,r)
i−r+1
where (∗) is by Theorem 5.1. 
Applying the above Proposition repeatedly, we obtain
Corollary 5.3. For all 0 ≤ r ≤ d− 1,
IZd,r · OQr−1d
= IZr−1d,r
· (IZr−1d,r−1
)2 · · · · · (IZr−1d,1
)r · (IZr−1d,0
)r+1
Take m ≥ md. For each l,
m̂+l+1∧
ρd,m, a section of Hom(
m̂+l+1∧
π∗V
∨
P1Qd
(m),
m̂+l+1∧
π∗E
∨
d (m)),
is nowhere vanishing on Qd \ Zd,l, hence it induces an embedding (over Qd)
[
m̂+l+1∧
ρd,m] : Qd \ Zd,l →֒ Sm̂+l(π∗V
∨
P1Qd
(m), π∗E
∨
d (m))
We also denote by [
∧m̂+r+1 ρd,m] any of its restrictions on Qd \ Zd,r for r > l.
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Theorem 5.4. Let m ≥ md. The blowup Q
r
d is isomorphic to the closure of the image of the
embedding
r∏
l=0
[
m̂+l+1∧
ρd,m] : Qd \ Zd,r →֒
r∏
l=0
QdSm̂+l(π∗V
∨
P1Qd
(m), π∗E
∨
d (m))
Proof. By construction, Qrd is the blowup of Q
r−1
d along the subscheme Z
r−1
d,r . Let b : Q
r−1
d → Qd
denote the composite blowup. Corollary 5.3 says that the ideal sheaf of the proper transform
Zr−1d,r of Zd,r and the ideal sheaf of the total transform b
−1(Zd,r) of Zd,r only differ by an invertible
ideal sheaf, the sheaf (IZr−1d,r−1
)2 · · · · · (IZr−1d,1
)r · (IZr−1d,0
)r+1. Therefore, the blowup of Qr−1d along
Zr−1d,r is the same as the blowup along the total transform b
−1(Zd,r), i.e., Q
r
d = Blb−1(Zd,r)Q
r−1
d .
Since Zd,r is the schematic zero locus of
∧m̂+r+1 ρd,m on Qd, b−1(Zd,r) is the schematic zero
locus of
∧m̂+r+1 b∗ρd,m on Qr−1d . So Blb−1(Zd,r)Qr−1d is the closure of the image of the embedding
induced by
∧m̂+r+1 b∗ρd,m:
Qr−1d \ b
−1(Zd,r) →֒ Sm̂+r(b
∗V ∨
P1Qd
, b∗E∨d ) = Q
r−1
d ×Qd Sm̂+r(V
∨
P1Qd
, E∨d )
Thus we see that the proof can be completed by induction on r. 
Note that the closure of the image of the map
[
m̂+l+1∧
ρd,m] : Qd \ Zd,r →֒ Sm̂+l(π∗V
∨
P1Qd
(m), π∗E
∨
d (m))
is exactly the blowup BlZd,lQd. Thus we obtain an easy corollary.
Corollary 5.5. The blowup Qrd is isomorphic to the closure of Qd \ Zd,r in the product
BlZd,0Qd ×Qd · · · ×Qd BlZd,rQd
Next we claim that we have a commutative diagram
(5.1) Q˚d,r
ϕ˚

  α //
r−1∏
l=0
Qd,rSm̂+l
(
θ∗π∗V
∨
P1Qr
(m), θ∗π∗E
∨
r (m)
)
 _
β

Z˚d,r
  γ //
r−1∏
l=0
QdSm̂+l
(
π∗V
∨
P1Qd
(m), π∗E
∨
d (m)
)
for all m ≫ 0 (m ≥ md is not sufficient). The map α is induced by the nowhere vanishing
sections
∧m̂+l+1 θ∗ρr,m, l = 0, . . . , r − 1, on Q˚d,r. We see that it is the pullback by θ : Qd,r →
Qr of the embedding Q˚r →֒
∏r−1
l=0 Qd,rSm̂+l
(
θ∗π∗V
∨
P1Qr
(m), θ∗π∗E
∨
r (m)
)
induced by the sections∧m̂+l+1 ρr,m:
Q˚d,r = Qd,r ×Qr Q˚r →֒ Qd,r ×Qr
r−1∏
l=0
QrSm̂+l
(
π∗V
∨
P1Qr
(m), π∗E
∨
r (m)
)
=
r−1∏
l=0
Qd,rSm̂+l
(
θ∗π∗V
∨
P1Qr
(m), θ∗π∗E
∨
r (m)
)
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Thus α is an embedding, and the closure of the image of α is exactly Qd,r ×Qr Q
r−1
r . The map
γ is defined as the composition:
Z˚d,r →֒ Qd \ Zd,r−1 →֒
r−1∏
l=0
QdSm̂+l
(
π∗V
∨
P1Qd
(m), π∗E
∨
d (m)
)
where the second map is induced by the nowhere vanishing sections
∧m̂+l+1 ρd,m, l = 0, . . . , r−1.
Hence γ is also an embedding, and the closure of the image of γ is exactly Zr−1d,r .
To complete the diagram (5.1), we also need
Proposition 5.6. There exists an embedding β which makes the diagram (5.1) commute.
Because it takes much space to define the map β and its exact definition will not be used in
the proofs of the following theorems, we leave the proof of Proposition 5.6 to the next section.
For the moment, we assume this proposition is true.
Proposition 5.7. The embedding β maps Qd,r ×Qr Q
r−1
r isomorphically onto Z
r−1
d,r .
Proof. We know the closure of the image of α is Qd,r ×Qr Q
r−1
r . Since β is an embedding, the
closure of the image of βα is isomorphic to Qd,r ×Qr Q
r−1
r . On the other hand, since ϕ˚ is an
isomorphism, the closure of the image of γϕ˚ is Zr−1d,r . By the commutativity of the diagram
(5.1), we have an isomorphism Qd,r ×Qr Q
r−1
r
∼= Zr−1d,r given by β. 
We are now ready to prove the first the main result.
Theorem 5.8. For 0 ≤ r ≤ d− 1, Zr−1d,r and Q
r
d are both nonsingular.
Proof. We prove this by induction on r (but for all d ≥ r + 1). When r = 0, Zr−1d,r = Zd,0 is
nonsingular, hence Q0d, the blowup of Qd along Zd,0, is also nonsingular. Assume the statement
is true for r = N − 1, that is, ZN−2d,N−1 and Q
N−1
d are nonsingular for all d ≥ N . We prove that
the statement is also true for r = N . By the above theorem, ZN−1d,N
∼= Qd,N ×QN Q
N−1
N , and
by induction hypothesis, QN−1N is nonsingular, hence Z
N−1
d,N is nonsingular. Q
N
d is nonsingular
because it is the blowup of the nonsingular variety QN−1d along the nonsingular subvariety Z
N−1
d,N .
This completes the proof. 
Proposition 5.9. The isomorphism β : Qd,r ×Qr Q
r−1
r → Z
r−1
d,r induces isomorphisms
β : Qd,r ×Qr Z
r−1
r,l
≃
−→ Zr−1d,r ∩ Z
r−1
d,l , for l = 0, · · · , r − 1.
Proof. For simplicity, we put Qr−1d,r := Qd,r ×Qr Q
r−1
r . Consider the following commutative
diagram
Qr−1r

Qr−1d,r
oo

// Qr−1d

Qr Qd,r
θ
oo
φ
// Qd
The ideal sheaf of Qd,r ×Qr Z
r−1
r,l in Q
r−1
d,r is IZr−1r,l
· OQr−1d,r
. Because of the isomorphism β :
Qd,r ×Qr Q
r−1
r → Z
r−1
d,r , we see that the ideal sheaf of the preimage β
−1(Zr−1d,r ∩ Z
r−1
d,l ) in Q
r−1
d,r
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is IZr−1d,l
· OQr−1d,r
. Thus to show that β induces isomorphisms Qd,r ×Qr Z
r−1
r,l ≃Z
r−1
d,r ∩ Z
r−1
d,l , it
suffices to show that
(5.2) IZr−1d,l
· OQr−1d,r
= IZr−1r,l
· OQr−1d,r
We now prove it by induction on l. When l = 0, we have
IZr−1d,0
· OQr−1d,r
= (IZd,0 · OQd,r) · OQr−1d,r
(∗)
= (IZr,0 · OQd,r) · OQr−1d,r
= (IZr+1,0 · OQr−1r ) · OQr−1d,r
= IZr−1r,0
· OQr−1d,r
where (∗) is by Proposition 4.4.
Assume (5.2) holds for all l ≤ N−1 for some N ≤ r−1, and we prove it also holds for l = N .
By Corollary 5.3, we have
IZd,N · OQN−1d
= IZN−1d,N
· (IZN−1d,N−1
)2 · · · · · (IZN−1d,0
)N+1
IZr,N · OQN−1r = IZN−1r,N
· (IZN−1r,N−1
)2 · · · · · (IZN−1r,0
)N+1
Hence we have
IZr−1d,N
· (IZr−1d,N−1
)2 · · · · · (IZr−1d,0
)N+1 · OQr−1d,r
=
(
IZN−1d,N
· (IZN−1d,N−1
)2 · · · · · (IZN−1d,0
)N+1 · OQr−1d
)
· OQr−1d,r
= ((IZd,N · OQN−1d
) · OQr−1d
) · OQr−1d,r
= (IZd,N · OQr−1d
) · OQr−1d,r
= (IZd,N · OQd,r) · OQr−1d,r
= (IZr,N · OQd,r) · OQr−1d,r
= ((Ir,N · OQN−1r ) · OQr−1r ) · OQr−1d,r
= (IZN−1r,N
· (IZN−1r,N−1
)2 · · · · · (IZN−1r,0
)N+1 · OQr−1r ) · OQr−1d,r
= IZr−1r,N
· (IZr−1r,N−1
)2 · · · · · (IZr−1r,0
)N+1 · OQr−1d,r
(5.3)
By induction hypothesis, we have an equality of invertible ideal sheaves
(IZr−1d,N−1
)2 · · · · · (IZr−1d,0
)N+1 · OQr−1d,r
= (IZr−1r,N−1
)2 · · · · · (IZr−1r,0
)N+1 · OQr−1d,r
We can eliminate this invertible ideal sheaf from both sides of the equality (5.3) and obtain
IZr−1d,N
· OQr−1d,r
= IZr−1r,N
· OQr−1d,r
.
Thus the statement is true for N . 
An easy corollary is as follows:
Corollary 5.10. For any N distinct integers l1, . . . , lN ∈ {0, · · · , r − 1}, β maps the scheme-
theoretic intersection Zr−1d,r ∩
N⋂
j=1
Zr−1d,lj isomorphically onto Qd,r ×Qr
N⋂
j=1
Zr−1r,lj .
Theorem 5.11. For 0 ≤ l ≤ d − 1 and l ≤ r ≤ d − 1, Zrd,l is nonsingular, irreducible, and of
codimension one in Qrd.
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Proof. We fix l and prove that Zrd,l is nonsingular, irreducible, and of codimension one for all
r ≥ l. By definition, Z ld,l is the exceptional divisor in the blowup Q
l
d → Q
l−1
d with the nonsingular
irreducible blowup center Z l−1d,l . Hence Z
l
d,l is nonsingular, irreducible, and of codimension one.
Z l+1d,l , the proper transform of Z
l
d,l in Q
l+1
d , can be considered as the blowup of Z
l
d,l along its
nonsingular subvariety Z ld,l+1∩Z
l
d,l, hence it is nonsingular and of codimension one. Repeat this
argument, we conclude that Z ld,l, · · · , Z
d−1
d,l are all nonsingular and of codimension one. 
It remains to prove the transversality.
Theorem 5.12. For 0 ≤ r ≤ d− 1, Zrd,0, · · · , Z
r
d,r intersect transversally in Q
r
d.
Proof. We prove it by induction on r (for all d > r). When r = 0, the statement is trivial. As-
sume that the statement is true for r−1. We first show that Zr−1d,r , Z
r−1
d,0 , . . . , Z
r−1
d,r−1 transversally.
Since Zr−1d,0 , . . . , Z
r−1
d,r−1 intersect transversally by induction hypothesis, we only need to show that
Zr−1d,r intersect with Z
r−1
d,0 , . . . , Z
r−1
d,r−1 transversally. Let x ∈ Z
r−1
d,r , and suppose Z
r−1
d,l1
, . . . , Zr−1d,lN
are those from the collection {Zr−1d,l | 0 ≤ l ≤ r − 1} which pass through x. We show that Z
r−1
d,r
intersect with Zr−1d,l1 , . . . , Z
r−1
d,lN
transversally at x by calculating the dimensions of tangent spaces.
Since the tangent space of a scheme-theoretic intersection of some subschemes is equal to the
intersection the the tangent spaces of those subschemes, we have
TxZ
r−1
d,r ∩
N⋂
j=1
TxZ
r−1
d,lj
= Tx
(
Zr−1d,r ∩
N⋂
j=1
Zr−1d,lj
)
≃ Tβ−1(x)
(
Qd,r ×Qr
N⋂
j=1
Zr−1r,lj
)
where the last equality is by Corollary 5.10. Let y ∈ Qr−1r be the image of β
−1(x) under the
projection Qd,r ×Qr Q
r−1
r → Q
r−1
r . By induction hypothesis, Z
r−1
r,l , l = 0, . . . , r − 1, intersect
transversally in Qr−1r . Thus we have
codim
( N⋂
j=1
TyZ
r−1
r,lj
)
=
N∑
j=1
codimTyZ
r−1
d,lj
= N
or
dim
( N⋂
j=1
TyZ
r−1
r,lj
)
= dimQr−1r −N = dimQr −N
Therefore
dim
(
TxZ
r−1
d,r ∩
N⋂
j=1
TxZ
r−1
d,lj
)
= dimTβ−1(x)
(
Qd,r ×Qr
N⋂
j=1
Zr−1r,lj
)
= (dimQd,r − dimQr) + dim
( N⋂
j=1
TyZ
r−1
r,lj
)
= (dimQd,r − dimQr) + (dimQr −N)
= dimQd,r −N = dimZ
r−1
d,r −N = dimTxZ
r−1
d,r −N
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and hence
codim
(
TxZ
r−1
d,r ∩
N⋂
j=1
TxZ
r−1
d,lj
)
= dimQr−1d − (dimTxZ
r−1
d,r −N)
= codimTxZ
r−1
d,r +N = codimTxZ
r−1
d,r +
N∑
j=1
codimTxZ
r−1
d,lj
It follows that Zr−1d,r intersect with Z
r−1
d,0 , . . . , Z
r−1
d,r−1 transversally at x. Since x is an arbitrary
point, we know Zr−1d,r , Z
r−1
d,0 , . . . , Z
r−1
d,r−1 intersect transversally. Since transversality is preserved
under blowups along a nonsingular center, we obtain the statement for r. 
For l ≤ r − 1, the proper transform Zrd,l of Z
r−1
d,l , which can be regarded as the blowup of
Zr−1d,l along the nonsingular subvariety Z
r−1
d,l ∩Z
r−1
d,r , is a nonsingular and of codimension one in
Qrd. Thus Theorem 1.1 follows easily from the combination of Theorem 5.8, 5.11 and 5.12.
6. The definition of the map β
This section is a proof of Proposition 5.6. The first step is to construct the map β in the
diagram (5.1). For this, we need another relative Quot scheme Qd∨,r defined as
Qd∨,r := Quot
0,d−r
E∨d /P
1
Qd
/Qd
with structure morphism ϑ : Qd∨,r → Qd. It comes equipped with a universal exact sequence
on P1Qd∨,r
:
0→ Ed∨,r → ϑ¯
∗E∨d → Td∨,r → 0
where Td∨,r is flat over Qd with rank 0 and relative degree d− r.
Recall that the relative Quot scheme Qd,r has a universal exact sequence on P
1
Qd,r
:
0→ Ed,r → θ¯
∗Er → Td,r → 0
together with a homomorphism ϕ : Qd,r → Qd such that
Ed,r = ϕ¯
∗Ed.
Dualizing the universal exact sequence of Qd,r, we obtain
0→ θ¯∗E∨r → ϕ¯
∗E∨d → T
ε
d,r → 0
where T εd,r is flat over Qd,r of relative degree d − r and rank 0. By the universal property of
Qd∨,r, we see that the above sequence gives rise to a Qd-morphism:
η : Qd,r → Qd∨,r
such that the following diagram commutes:
(6.1) 0 // θ¯∗E∨r
// ϕ¯∗E∨d
// T εd,r //
≃

0
0 // η¯∗Ed∨,r // η¯∗ϑ¯∗E∨d
// η¯∗Td∨,r // 0
Proposition 6.1. The morphism η is a closed embedding.
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Proof. We will show that η induces an isomorphism from Qd,r to a closed subscheme of Qd∨,r.
The map η fits into the following commutative diagram:
Qd,r
θ

η
//
φ
HH
$$H
H
Qd∨,r
ϑ

Qr Qd
We have the following exact sequence on P1Qd:
V ∨
P1Qd
→ E∨d → F
ε
d → 0
Pull back the sequence by ϑ¯ to P1Qd∨,r
:
V ∨
P1Qd∨,r
→ ϑ¯∗E∨d → ϑ¯
∗Fεd → 0
and let T be the cokernel of the composite map
V ∨
P1Q
d∨,r
→ ϑ¯∗E∨d → Td∨,r
As a quotient of the torsion sheaf Td∨,r, T is also torsion. We have a commutative diagram:
(6.2) 0

Ed∨,r

V ∨
P1Q
d∨,r
// ϑ¯∗E∨d
//

ϑ¯∗Fεd
//

0
V ∨
P1Qd∨,r
// Td∨,r //

T //

0
0 0
where the two rows and the second column are exact. The exactness of the third column is
induced from the the exactness of the second column.
For each point q ∈ Qd∨,r, the restriction of the last row to P
1
q is an exact sequence
V ∨P1q → (Td
∨,r)q → Tq → 0
since pullback is a right exact functor. Hence the fiber Tq on P
1
q is a torsion sheaf of degree at
most d− r. Consider the flattening stratification of Qd∨,r by T , and let Z be the stratum over
which T has relative degree d − r. Then Z is a closed subscheme of Qd∨,r, and it satisfies the
universal property:
For any morphism f : X → Qd∨,r, the pull-back f¯
∗T is flat over X with relative degree d− r
if and only if f factors through the inclusion i : Z →֒ Qd∨,r.
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We now show that η : Qd,r → Qd∨,r factors through Z. The pull-back of the above commu-
tative diagram under η¯ fits into the following commutative diagram
V ∨
P1Qd,r
// θ¯∗E∨r

V ∨
P1Qd,r
// φ¯∗E∨d

V ∨
P1Qd,r
// η¯∗Td∨,r // η¯∗T // 0
where the second column and the third row are exact sequences. Therefore we see that V ∨
P1Qd,r
→
η¯∗Td∨,r from the third row is a zero map. So η¯
∗Td∨,r = η¯
∗T , and hence η¯∗T is flat over Qd,r with
relative degree d − r. By the universal property of Z, the map η factors through the inclusion
i : Z →֒ Qd∨,r. We denote the map factored out from η as
η′ : Qd,r → Z.
Thus, η = iη′.
Now pullback the last row of (6.2) to P1Z to get an exact sequence
V ∨
P1Z
→ (Td∨,r)Z → TZ → 0
By the definition of Z, TZ is flat over Z with relative degree d− r. Let K be the kernel of the
homomorphism (Td∨,r)Z → TZ . Then for every point q ∈ Z, we have a short exact sequence on
P1q:
0→ Kq → (Td∨,r)q → Tq → 0
We see that Kq is a torsion sheaf of degree 0 on P
1
q, hence Kq = 0. It follows that K = 0, and
therefore
Im(V ∨
P1Z
→ (Td∨,r)Z) = K = 0, (Td∨,r)Z = TZ
So we have the following commutative diagram on P1Z :
0

0

V ∨
P1Z
// (Ed∨,r)Z //

T ′ //

0
V ∨
P1Z
//

(ϑ¯∗E∨d )Z
//

(ϑ¯∗Fεd)Z
//

0
0 // (Td∨,r)Z

TZ //

0
0 0
with all columns and the last two rows being exact, where T ′ := ker((ϑ¯∗Fεd)Z → TZ). Then T
′
is torsion since (ϑ¯∗Fεd)Z is so. The dotted arrows in the first row are the induced maps. The
first row is forced to be exact as well.
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Taking dual of the first row, we get an exact sequence
0→ (Ed∨,r)
∨
Z → VP1Z
→ F → 0
where F := Coker((Ed∨,r)
∨
Z → VP1Z
). We now show that F is flat over Z with rank n − k and
relative degree r. We only need to show that (Ed∨,r)
∨
q → VP1q is injective for every point q ∈ Z.
We restrict the first row and last column of the previous diagram to the fiber P1q:
0

V ∨
P1q
// (Ed∨,r)q // T
′
q
//

0
(ϑ¯∗Fεd)q

Tq

0
Since pull-back is right exact, the row is exact and the column is right exact. Note that TZ is
flat over Z, so the column is exact, and hence, T ′q is torsion. Taking dual of the row, we get an
exact sequence
0→ (Ed∨,r)
∨
q → VP1q
So F is flat over Z (see [HL97], Lemma 2.1.4), and we have an exact sequence
0→ (Ed∨,r)
∨
q → VP1q → Fq → 0
Since (Ed∨,r)
∨
q has rank k and degree −r, we have Fq has rank n− k and degree r.
By the universal property of Qr, the above exact sequence induces a morphism
ξ : Z → Qr
such that the following diagram commutes:
0 // (Ed∨,r)
∨
Z
// VP1Z
// F //
≃

0
0 // ξ¯∗Er // ξ¯
∗VP1Qr
// ξ¯∗Fr // 0
Restricting the universal exact sequence of Qd∨,r to P
1
Z and dualizing it, we obtain an exact
sequence:
0 // (ϑ¯∗Ed)Z // (Ed∨,r)
∨
Z
// (Td∨,r)
ε
Z
// 0
ξ¯∗Er
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Note that (Td∨,r)
ε
Z is flat over Z with rank 0 and relative degree d − r. Thus the above exact
sequence induces a morphism ζ : Z → Qd,r of Qr-schemes such that
0 // (ϑ¯∗Ed)Z // (Ed∨,r)
∨
Z
// (Td∨,r)
ε
Z
//
≃

0
0 // ζ¯∗Ed,r // ζ¯∗θ¯∗Er // ζ¯
∗Td,r // 0
ξ¯∗Er
We now show that (i) ζη′ = idQd,r and (ii) η
′ζ = idZ .
(i) We have the following commutative diagram of equivalent quotients:
ζη′
∗
θ¯∗Er

η¯′∗ζ¯∗θ¯∗Er

η¯′∗ξ¯∗Er

θ¯∗Er

θ¯∗Er

θ¯∗Er

ζη′
∗
Td,r η¯
′∗ζ¯∗Td,r
≃
// η¯′∗(Td∨,r)
ε
Z
η¯∗T εd∨,r
≃
// T εεd,r Td,r
By the universal property of Qd,r, ζη
′ = idQd,r .
(ii) To show that η′ζ = idZ , it suffices to show that iη
′ζ = i, or ηζ = i. We have the following
commutative diagram of equivalent quotients:
ηζ
∗
ϑ¯∗E∨d

ζ¯∗η¯∗ϑ¯∗E∨d

ζ¯∗φ¯∗E∨d

ζ¯∗E∨d,r

(ϑ¯∗Ed)
∨
Z

i¯∗ϑ¯∗E∨d

ηζ
∗
Td∨,r ζ¯
∗η¯∗Td∨,r
≃
// ζ¯∗T εd,r
≃
// (Td∨,r)
εε
Z (Td∨,r)Z i¯
∗Td∨,r
By the universal property of Qd∨,r, we have ηζ = i and hence η
′ζ = idZ . 
We now introduce a commutative diagram as follows.
r−1∏
l=0
Qd,rSm̂+l(θ
∗π∗V
∨
P1Qr
(m), θ∗π∗E
∨
r (m))
 _
η˜

// Qd,r _
η

φ
// Qd
r−1∏
l=0
Qd∨,r
Sm̂+l(π∗V
∨
P1Q
d∨,r
(m), π∗Ed∨,r(m)) //
 _
ι˜

Qd∨,r
ϑ
//
 _
ι

Qd
r−1∏
l=0
Grm,rSm̂+l(g
∗π∗V
∨
P1Qd
(m),K) //
 _
λ

Grm,r
g
// Qd
r−1∏
l=0
QdSm̂+l(π∗V
∨
P1Qd
(m), π∗E
∨
d (m)) // Qd
where
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• Grm,r := GrQd(m̂+ r, π∗E
∨
d (m)), the relative Grassmannian over Qd,
• g is the structure morphism,
• K is the universal subbundle of g∗π∗E
∨
d (m) on the Grassmannian Grm,r,
• ι is the closed embedding of Quot scheme into Grassmannian by Proposition (2.2), and
• η is the closed embedding introduced by Proposition (6.1).
We now define the morphisms η˜, ι˜ and λ, and show that they are closed embeddings for all
m≫ 0.
Definition of η˜. For m≫ 0, we have the following identifications
Sm̂+l
(
θ∗π∗V
∨
P1Qr
(m), θ∗π∗E
∨
r (m)
) (1)
= Sm̂+l(π∗V
∨
P1Qd,r
(m), π∗θ¯
∗E∨r (m))
(2)
= Sm̂+l(π∗η¯
∗V ∨
P1Q
d∨,r
(m), π∗η¯
∗E∨d∨,r(m))
(3)
= Sm̂+l(η
∗π∗V
∨
P1Q
d∨,r
(m), η∗π∗E
∨
d∨,r(m))
(4)
= Qd,r ×Qd∨,r Sm̂+l(π∗V
∨
P1Q
d∨,r
(m), π∗E
∨
d∨,r(m))
for l = 0, . . . , r−1. The equality (1) follows from the flatness of θ, (2) follows from θ¯∗Er = η¯
∗Ed∨,r,
(3) follows from the base-change formula for m≫ 0,
π∗θ¯
∗E∨r (m) = π∗η¯
∗Ed∨,r(m) ∼= η
∗π∗Ed∨,r(m), π∗VP1Qd,r
= η∗π∗VP1Q
d∨,r
and the equalities (4) follow from the base-change property of Proj.
So we have the following identification
Sm̂+l
(
θ∗π∗V
∨
P1Qr
(m), θ∗π∗E
∨
r (m)
)
= Qd,r ×Qd∨,r
r−1∏
l=0
Qd∨,rSm̂+l(π∗V
∨
P1Q
d∨,r
(m), π∗E
∨
d∨,r(m))
and η˜ is defined simply to be the projection
Qd,r ×Qd∨,r
r−1∏
l=0
Qd∨,rSm̂+l(π∗V
∨
P1Q
d∨,r
(m), π∗E
∨
d∨,r(m))→
r−1∏
l=0
Qd∨,rSm̂+l(π∗V
∨
P1Q
d∨,r
(m), π∗E
∨
d∨,r(m))
That η˜ is a closed embedding follows from that η is a closed embedding.
Definition of ι˜. We have the following identifications
Sm̂+l(π∗V
∨
P1Q
d∨,r
(m), π∗E
∨
d∨,r(m))
(5)
= Sm̂+l(ι
∗π∗V
∨
P1Qd
(m), ι∗K)
(6)
= Qd∨,r ×Grm,r Sm̂+l(π∗V
∨
P1Qd
(m),K)
where (5) follows from the definition of ι and (6) follows from the base-change property of Proj.
So we have the identification
r−1∏
l=0
Qd∨,rSm̂+l(π∗V
∨
P1Q
d∨,r
(m), π∗E
∨
d∨,r(m)) = Qd∨,r ×Grm,r
r−1∏
l=0
Grm,rSm̂+l(π∗V
∨
P1Qd
(m),K)
and ι˜ is just the projection
Qd∨,r ×Grm,r
r−1∏
l=0
Grm,rSm̂+l(π∗V
∨
P1Qd
(m),K)→
r−1∏
l=0
Grm,rSm̂+l(π∗V
∨
P1Qd
(m),K)
Since ι is a closed embedding, so is ι˜.
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Definition of λ. For each l,
m̂+l+1∧
K is a subbundle of
m̂+l+1∧
g∗π∗E
∨
d (m). This gives rise to
a subbundle map
Hom(
m̂+l+1∧
g∗π∗V
∨
P1Qd
(m),
m̂+l+1∧
K)→Hom(
m̂+l+1∧
g∗π∗V
∨
P1Qd
(m),
m̂+l+1∧
g∗π∗E
∨
d (m))
which induces a closed embeddings
Sm̂+l(g
∗π∗V
∨
P1Qd
(m),K) →֒ Sm̂+l(g
∗π∗V
∨
P1Qd
(m), g∗π∗E
∨
d (m))
for l = 0, . . . , r − 2. Taking fibered products, we obtain an embedding
r−2∏
l=0
Grm,rSm̂+l(g
∗π∗V
∨
P1Qd
(m),K) →֒
r−2∏
l=0
Grm,rSm̂+l(g
∗π∗V
∨
P1Qd
(m), g∗π∗E
∨
d (m)) =
r−2∏
l=0
QdSm̂+l(π∗V
∨
P1Qd
(m), π∗E
∨
d (m))×Qd Grm,r
(6.3)
Note that we have the following commutative diagram
Sm̂+r−1(g
∗π∗V
∨
P1Qd
(m),K) //
 _
δ˜

Grm,r
g
//
 _
δ

Qd
S(h∗
m̂+r∧
π∗V
∨
P1Qd
(m),L)
//
 _
σ

P
( m̂+r∧
π∗E
∨
d (m)
) h // Qd
Sm̂+r−1(π∗V
∨
P1Qd
(m), π∗E
∨
d (m)) // Qd
where h is the structure morphism, L is the universal subline bundle of h∗
m̂+r∧
π∗E
∨
d (m), and δ
is the relative Plu¨cker embedding over Qd. By definition of δ, we have δ
∗L =
∧m̂+r K, hence
Sm̂+r−1(g
∗π∗V
∨
P1Qd
(m),K) = S(
m̂+r∧
g∗π∗V
∨
P1Qd
(m),
m̂+r∧
K)
= S(δ∗h∗
m̂+r∧
π∗V
∨
P1Qd
(m), δ∗L) = S(h∗
m̂+r∧
π∗V
∨
P1Qd
(m),L)×P Grm,r
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where P := P(
m̂+r∧
π∗E
∨
d (m)). Thus δ˜ is defined to be a projection and hence is also a closed
embedding. The morphism σ is the relative Segre´ embedding over Qd:
S
( m̂+r∧
h∗π∗V
∨
P1Qd
(m),L
)
= P
(
h∗
( m̂+r∧
π∗V
∨
P1Qd
(m)
)∨
⊗ L
)
= P(h∗
( m̂+r∧
π∗V
∨
P1Qd
(m)
)∨
) = P(
( m̂+r∧
π∗V
∨
P1Qd
(m)
)∨
)×Qd P(
m̂+r∧
π∗E
∨
d (m))
σ
→֒ P(
( m̂+r∧
π∗V
∨
P1Qd
(m)
)∨
⊗
m̂+r∧
π∗E
∨
d (m)) = Sm̂+r−1(π∗V
∨
P1Qd
(m), π∗E
∨
d (m))
Combining the embedding (6.3) with the composition of embeddings σδ˜, we obtain the embed-
ding λ as the composition of
r−1∏
l=0
Grm,rSm̂+l(g
∗π∗V
∨
P1Qd
(m),K)
(7)
→֒ (
r−2∏
l=0
QdSm̂+l(π∗V
∨
P1Qd
(m), π∗E
∨
d (m))×Qd Grm,r)×Grm,r Sm̂+r−1(g
∗π∗V
∨
P1Qd
(m),K)
=
r−2∏
l=0
QdSm̂+l(π∗V
∨
P1Qd
(m), π∗E
∨
d (m))×Qd Sm̂+r−1(g
∗π∗V
∨
P1Qd
(m),K)
(8)
→֒
r−2∏
l=0
QdSm̂+l(π∗V
∨
P1Qd
(m), π∗E
∨
d (m))×Qd Sm̂+r−1(π∗V
∨
P1Qd
(m), π∗E
∨
d (m))
=
r−1∏
l=0
QdSm̂+l(π∗V
∨
P1Qd
(m), π∗E
∨
d (m))
The embeddings (7) and (8) are induced by (6.3) and σδ˜, respectively.
Finally, we define β = λι˜η˜. By construction, β is an embedding. It remains to prove the
commutativity of the diagram (5.1). For this, we use the universal homomorphism of the space
of collineations. Consider the following diagram
Q˚d,rE eα
ssggg
ggg  s j
%%K
KK
KK
K
ϕ˚

r−1∏
l=0
Sm̂+l
(
θ∗π∗V
∨
P1Qr
(m), θ∗π∗E
∨
r (m)
)
 _
β

// Qd,r
φ

Z˚d,rE eγ
ssgggg
gggg 
s
i
%%K
KK
KK
KK
r−1∏
l=0
Sm̂+l
(
π∗V
∨
P1Qd
(m), π∗E
∨
d (m)
)
// Qd
For l = 0, . . . , r − 1, the universal homomorphism
u :
m̂+l+1∧
θ∗π∗V
∨
P1Qr
(m)→ (
m̂+l+1∧
θ∗π∗E
∨
r (m))(1)
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on Sm̂+l
(
θ∗π∗V
∨
P1Qr
(m), θ∗π∗E
∨
r (m)
)
is pullbacked by α to the homomorphism j∗
∧m̂+l+1 ρr,m,
i.e., we have a commutative diagram
α∗
m̂+l+1∧
θ∗π∗V
∨
P1Qr
(m)
α∗u
//
α∗((
m̂+l+1∧
θ∗π∗E
∨
r (m))(1))
j∗
m̂+l+1∧
θ∗π∗V
∨
P1Qr
(m)
//
j∗
m̂+l+1∧
θ∗π∗E
∨
r (m)
Similarly, we have
γ∗
m̂+l+1∧
π∗V
∨
P1Qd
(m)
γ∗u
//
γ∗((
m̂+l+1∧
π∗E
∨
d (m))(1))
i∗
m̂+l+1∧
π∗V
∨
P1Qd
(m)
//
i∗
m̂+l+1∧
π∗E
∨
d (m)
By the construction of β, we have a commutative diagram
β∗
m̂+l+1∧
π∗V
∨
P1Qd
(m)
β∗u
//
β∗((
m̂+l+1∧
π∗E
∨
d (m))(1))
m̂+l+1∧
θ∗π∗V
∨
P1Qr
(m)
u
//
(
m̂+l+1∧
θ∗π∗E
∨
r (m))(1)
//
(
m̂+l+1∧
π∗E
∨
d,r(m))(1)
Combining the above, we get commutative diagrams for l = 0, . . . , r − 1:
α∗β∗
m̂+l+1∧
π∗V
∨
P1Qd
(m)
α∗β∗u
//
α∗β∗((
m̂+l+1∧
π∗E
∨
d (m))(1))
α∗
m̂+l+1∧
θ∗π∗V
∨
P1Qr
(m)
α∗u
//
α∗((
m̂+l+1∧
θ∗π∗E
∨
r (m))(1))
//
α∗((
m̂+l+1∧
π∗E
∨
d,r(m))(1))
j∗
m̂+l+1∧
θ∗π∗V
∨
P1Qr
(m)
//
j∗
m̂+l+1∧
θ∗π∗E
∨
r (m)
//
j∗
m̂+l+1∧
π∗E
∨
d,r(m)
j∗φ∗
m̂+l+1∧
π∗V
∨
P1Qd
(m)
//
j∗φ∗
m̂+l+1∧
π∗E
∨
d (m)
ϕ˚∗i∗
m̂+l+1∧
π∗V
∨
P1Qd
(m)
//
ϕ˚∗i∗
m̂+l+1∧
π∗E
∨
d (m)
ϕ˚∗γ∗
m̂+l+1∧
π∗V
∨
P1Qd
(m)
ϕ˚∗γ∗u
//
ϕ˚∗γ∗((
m̂+l+1∧
π∗E
∨
d (m))(1))
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So we have (βα)∗u = α∗β∗u = ϕ˚∗γ∗u = (γϕ˚)∗u which implies βα = γϕ˚ by the universal property
of the space of collineations. This completes the proof of Proposition 5.6.
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